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Abstract 

We prove an asymptotic Cramer's theorem, that is, if the sequence (X„ + Yn)n>i 
converges in law to the standard normal distribution and for every n > 1 the random 
variables Xn and Yn are independent, then (X„)„>i and {Yn)n>i converge in law to 
a normal distribution. Then we compare this result with recent criteria for the central 
convergence obtained in terms of Malliavin derivatives. 
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1 Introduction 

The sum of two independent random variables with Gaussian distribution is a Gaussian 
random variable. A famous result by Harald Cramer [IJ says that the converse implication 
is also true. Namely, if the law of A + y is Gaussian and X and Y are independent random 
variables, then X and Y are Gaussian. We study in this paper the following problem: given 
two sequences of centered square integrable random variables (A„)„>i and (Yn)n>i such 
that EA^ — )-„^oo ci and EY^ -^n->-oo C2 with ci , C2 > and ci + C2 = 1 and assuming that 
for every n > 1, Xn and Yn are independent and A„ + Yn -^n^oo A(0, 1) in law, can we get 
the convergence of A„ to the normal law A(0, ci) and the convergence of Yn to the normal 
law A(0, C2)? We will say in this case that the central limit of the sum is decoupled. A 
partial answer has been given in [9]: here the authors proved that the central limit for the 
sum implies the central limit for each term when the random variables Xn and Yn lives in 
a Wiener chaos of fixed order. In this work we will prove this result for a very general class 
of random variables. 

Then we will try to understand this asymptotic Cramer's theorem from the perspec- 
tive of some recent ideas from ^ and ^ related to the Stein's method on Wiener space 
and some older ideas from [8], [11], [12] where the independence of random variables is 
characterized in terms of the Malliavin derivatives. Let {^},J^,P) be a probability space 
and let (l^t)tg[o,i] be a Wiener process on this space. Recall that a result in [3] says that a 
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sequence of Malliavin differentiable (with respect to W) random variables (defined on 
il) converges to the normal law A^(0, 1) if and only if 

E {fiiXn){l - {DXn,D{-L)-'Xn))) ^„^oo 0. 

where we denoted by D the Malliavin derivative with respect to W, hy L the Ornstein- 
Uhlenbeck generator and by fz the solution of the Stein's equation (for fixed z S M) 

M-oo,z] (x) - P{Z <z) = f{x) - xf{x), xGR. (1) 

(Throughout this paper we denote by (•,•) the scalar product in L^([0, 1]).) In particular, 
if E (l — {DXn,D{—L)^^Xn))'^ — )-„_j.oo then X„ converges to A^(0, 1) as n — )• oo by using 
Schwarz's inequality and the fact that fi, is bounded (actually it suffices to have 
B\1-{DX^,D{-L)-^X^) \ ^n~,oo 0). 

Let us describe the basic idea to treat the convergence of sums of independent 
random variables to the normal law. Let X„,l^ be two sequences as above (that means 
Malliavin differentiable with EX^ — j-n-s-oo ci > 0, EK^ — )>„_j.oo C2 > and ci + C2 = 1). The 
fact that Xn + -^n^oo -^(0, 1) (in law) implies that 

E (/^(X„ + y„)(l - {D{Xn + Yn),D{-L)-\Xn + Yn)))) ^n^oo 0. (2) 

Suppose now that Xn and Yn are independent for every n. A result by Ustunel and Zakai 
(|11]. Theorem 3) says that in this case 

E{{DXn,Di-L)-^Yn)\Xn) = and E{{DYn, Di-L)-^ Xn)\Yn) = a.s . (3) 

The relation ([3]) induces the idea that the summands containing {DXn, D{—L)~^Yn) and 
{DYn, D{— L)~^ Xn) could be eliminated from ([2]). We will see that it is not immediate and 
that actually a stronger condition than the independence of Xn and Yn is necessary in order 
to do this. Therefore our first step is to introduce some classes of independent random 
variables X,Y such that the "mixed" terms (Z^X, D(-L)-^y) and {DY, D{-L)-'^X) van- 
ish. A first class that we consider here is the class of so-called strongly independent random 
variables for which every multiple integral in the chaos decomposition of X is independent 
of every multiple integral in the chaos decomposition of Y. We will see that if X and Y 
are strongly independent, then {DX, D(—L)~^Y) = {DY, D{—L)~^X) = almost surely. 
Another class we consider is the class of random variables X, Y that are differentiable in 
the Malliavin sense and such that X is independent of the couple (Y, {DY, D{—L)^^Y)) and 
Y is independent of the couple {X,{DX,D{-L)-'^X)). We wih say in this case that the 
couple {X, Y) belongs to the class A. A couple of strongly independent random variables 
belongs to A and in this sense this class is an intermediary class between the indepen- 
dent and strongly independent random variables. For couples in A we will show that 
E{{DX,D{-Ly^Y)\X + Y) = E{{DY,D{-L)-^X)\X + y) = almost surely and it is 
then again possible to cancel the mixed terms in ([2]). We will prove, by an elementary 
argument coming from the original Cramer's theorem and without using Malliavin calcu- 
lus, that for independent random variables the asymptotic Cramer's theorem holds. But 
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for random variables in these classes (in the class A or strongly independent) we can give 
further results by using the tools of the Malliavin calculus. Concretely, we will treat the 
following problem: suppose that the sum + converges to the normal law in a strong 
sense, that is, the upper bound E (l — {D{Xn + Yn),D{—L)~^{Xn + 1^^))) converges to 
zero as n — )• oo. We can interpret this by saying that the sum X„ + y„ is "close" to A^(0, 1), 
not in the sense of the rate of convergence but in the sense that X^ + Yn belongs to a subset 
of the set of the sequences of random variables converging to A^(0, 1). Then can we obtain 
the strong convergcncG of Bud Yn to the nornicil law, tliBjt is E (ci — Gx^^ — ^n^oo 

and 

E (c2 — Gy„)^ -^n^oo 0, where Gx„ is given by (fT2]) ? We prove that this property is true 
for strongly independent random variables while for couples in the class A a supplementary 
assumption is necessary in order to ensure the strong convergence of X„ and Yn from the 
convergence of Xn + Yn- 

The organization of the paper is as follows. Section 2 contains preliminaries on the 
stochastic calculus of variations. In Section 3 we prove the asymptotic Cramer's theorem by 
using an elementary argument while Section 4 contains some thoughts on this theorem from 
the perspective of recent results on central limit theorem obtained via Malliavin calculus. 

2 Preliminaries 

Let {Wt)te[o.i] be a classical Wiener process on a standard Wiener space {Q,T,P). If 
/ G L^([0, 1]") with n > 1 integer, we introduce the multiple Wiener- Ito integral of / 
with respect to W. The basic references are the monographs [2] or [6]. Let / G 5„ be an 
elementary functions with n variables that can be written as 

/= Cij^,...,in^Ai^x...xAi^ 
il,...,in 

where the coefficients satisfy Ci-^^...^i„ = if two indices ifc and ii are equal and the sets 
Ai S B{[0, 1]) are pairwise disjoint. For such a step function / we define 

Uf)= E c,,,...r.W{A,)...w{AJ 

il,...,in 

where we put W{A) = lA{s)dWs. It can be seen that the application I„ constructed 
above from Sn to L^(r2) is an isometry on 5„ , i.e. 

E [In{f)Im{g)] = nl{f, 5)L2([o,i]n) if m = n (4) 

and 

E[I„(/)I^(<7)] =Oifm^n. 

Since the set 5„ is dense in L^([0, 1]") for every n > 1 the mapping I„, can be 
extended to an isometry from L^([0, 1]") to and the above properties hold true for 

this extension. It also holds that 

In{f)=In{f) (5) 
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where /denotes the symmetrization of /defined by /(xi,. . . ,a;„) = ^^Y^aeS^ fi^rr{i),-- ■,Xcr{n)] 
We will need the general formula for calculating products of Wiener chaos integrals of any 
orders m,n for any symmetric integrands / G -^^^([0, 1]®'") and g G L'^{[0, l]®**); it is 

pAq 

Im{f)In{9) = Y,i\ClCilm^n-2t{f®t9) (6) 

where the contraction f ®tg \s defined by 
(/ ®i9){.si,. . . , Sm-i, h,..., tn-e) 

= / f{si, . . . ,Sm-i,Ui, . . . ,Ui)g(ti, . . . ,tn^i,Ui, . . . ,Ui)dui . . .dUi. (7) 

Note that the contraction (/ ®£ g) is an clement of L^([0, but it is not necessary 

symmetric. Wc will denote by ( ff^eg) its symmetrization. 

We recall that any square integrable random variable which is measurable with 
respect to the cr-algebra generated by W can be expanded into an orthogonal sum of multiple 
stochastic integrals 

F = J2Ufn) (8) 

n>0 

where /„ G -^^([0, 1]*^) are (uniquely determined) symmetric functions and /o(/o) = E [F]. 

We denote by D the Malliavin derivative operator that acts on smooth functionals 
of the form F = g{W{ipi), . . . , W{(fn)) (here 5 is a smooth function with compact support 
and (fi G L'^{[0, 1]) for i = I, ..,n) 

" fi 
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We can define the i th Malliavin derivative D^^^ is defined iteratively. The operator Z)^*) 
can be extended to the closure B*"'^ of smooth functionals with respect to the norm 



\nh = '^p"+i2^\\D'F\\Uio,iY 



i=l 



The adjoint of D is denoted by S and is called the divergence (or Skorohod) integral. Its 
domain Dom{6) coincides with the class of stochastic processes u G L^(i7 x [0, 1]) such that 

\E{DF,u)\<c\\F\\2 

for all F G B^'^ and 5{u) is the element of L^(0) characterized by the duality relationship 

B{FS{u)) =E{DF,u). 
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For adapted integrands, the divergence integral coincides with the classical Ito integral. 
Let L be the Ornstein-Uhlenbeck operator defined on Dom{L) = D^'^ 

LF = -Y^nlnUn) 

n>0 

if F is given by ([8]) . There exists a connection between 5, D and L in the sense that a 
random variable F belongs to the domain of L if and only if F G B^'-^ and DF G Dom{5) 
and then 5DF = —LF. Also we will need in the paper the integration by parts formula 

F6{u) = 6{Fu) + {DF,u) (9) 

whenever F G ID^'^, u G Dom{5) and EF^ ulds < oo. 

3 Asymptotic Cramer's theorem 

We start by proving an asymptotic version of the Cramer's theorem [Ij. A particular case 
(when the sequences X„ and Yn are multiple integrals in a Wiener chaos of fixed order) has 
been proven in [9j, Corollary 1. Our proof is based on the Cramer's theorem (see [1]) and 
an idea from |7j. 

Theorem 1 Suppose that (X„)„>i and (l^)n>iare two sequences of centered random vari- 
ables in L^(J7) such that EX^ — )-„^oo ci > and EY^ -^n^^o C2 > with ci + C2 = 1. 
Assume that for every n> 1, the random variables Xn and Yn are independent. Then 

Xn + Yn^ iV(0, 1) ^ {Xn ^ iV(0, Ci) and Yn ^ N{0, C2)). 

Proof: One direction is trivial. Let US assume thcit JC^-^Yf^ — ^n—^oo ^(0? !)• will prove 
that Xn -^n^Qo N{0, ci) and Yn -^n^oo N{0, C2). Since EX^ ^n-^oo ci and BYn -^n^oo C2 
it follows that the sequence {Xn,Yn)n>i is bounded in L^(ri). By Prohorov's theorem it 
suffices to prove that for any subsequence which converges in distribution to some random 
vector {F,G), then we must have F ~ A^(0,ci),G ~ iV(0,C2) and F,G are independent. 
Let us consider such an arbitrary sequence {Xn,. , Yn,, ) which converges in law to {F, G) as 
A; — )• 00. Because Xn,. and Yn,. are independent for each /c, it is clear that F and G are 
independent. Since X„ + Yn -^n-^00 N{0, 1) it foUows that F + G ~ iV(0, 1). 

Cramer's theorem implies that F ~ A^(0, ci) and G ~ A^(0, C2). ■ 

This result can be extended to finite and even infinite sums of independent random 
variables. 

Proposition 1 Suppose that for every n > 1, X" = X^fc>iX^ where for every n the 
random variables X^, k > 1 are mutually independent and the series is convergent for every 
u. Assume also that X^ are centered for every n,k > 1 and E(X^)^ — )-„_>oo Cfc > for 
every k > 1. Suppose that X'^ converging in law to N{0, 1) as n —)• 00. Then for every 
k > 1 the sequence X^ converges to the normal law as n — >• 00. 
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Proof: Since X" = X" + Ylk>2-^k ^^'-^ summands are independent, Theorem [T] 

implies that Xf converges to the normal law. Inductively, the conclusion can be obtained. 



Remark 1 When, for every n >l, = Ikiif^) ctnd Yn = -f/taC^") '^'^^ multiple stochastic 
integrals (possibly of different orders, that can also vary with n) we can go further by proving 
the following result. //E(X„ + 1^)^ -^n^ca 1 o-n-d X„ + Yn converges in law to N{0, 1), if 
lim „ EX"^ > and hm „ BY^ > then 

dKol{Xn,N {0,EXl)) and dKoiYn,N{0,EY^) (10) 

Here dxoi means the Kolmogorov distance (recall that the Kolmogorov distance between the 
law of two random variables U and V is given by dxoiiU, V) = sup^.g]g \ P{U < x) — P{V < x)\). 
That is, there is an asymptotic Cramer's theorem even if the variances of Xn and Yn do not 
converge a priori. Relation lll(J\) can be proved as follows. First, recall the following bound 
when X lives in a chaos of fixed order (see e.g. f^) 



|EX4-3(EX2)2|)^ {\kA{X)\)^ 



dKoiX, iV(0, BX') < ^ =■■ EX2 ^^^^ 

where k^lX) is the fourth cumulant of X . It is immediate, by the definition of the cumulant, 
that ki{X + Y) = k4,{X) + k4,{Y) if X andY are independent. Moreover, it follows from 
identity (3. 31) that k4[X) > if X is a multiple integral. Hence, i/E(X„ + l^)2 — t-^^oo 1 
and Xn + Yn converges in law to A^(0, 1), then 

kiiXn) + h{Yn) = ki{Xn + Yn) = E(X„ + Yn)^ - 3(E(X„ + Ynff ^„^oo 

and this implies that /c4(X„) — )-n^oo and ^4(1^) — T-n^-oo 0. The convergence (10]) is 
obtained by using ill]) and the hypothesis lim „ EX^ > and lim „ EY^ > 0. 



4 Decoupling central limit under strong independence 

Let us regard Theorem [1] from the perspective of the results in [3J . In this part all random 
variables are centered. We recall some facts related to the convergence of a sequence of 
random variables to the normal law in terms of the Malliavin calculus. For any random 
variable X £ O^''^ we denote by 

Gx:={DX,D{-L)-^X). (12) 
The following result is a slight extension of Proposition 3.1 in |3j. See also Theorem 3 in 

m- 

Proposition 2 Let {Xn)n>i be a sequence of square integrable random variables such that 
EX^ -^n^oo c > 0. Then the following are equivalent: 
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1. The sequence (X„)„>i converges in law, an n ^ oo, to the normal random variable 

iV(0,c), c> 0. 

2. For every teR,E (e^*^"(c - GxJ) ^n^oo 0. 

3. B {{C-Gx J\Xn)^n^ooO a.s. . 

4. For every zGR,E (/^(X„)(c - GxJ) ^n^oo 0. 

Proof: We follow the scheme 1. 2. 3. ^ 4. 1. The implications 1. =^ 2. and 
3. =^ 4. =^ 1 follow exactly as in [10], Theorem 3. Concerning 2. =^ 3., set F„ = c — Gx„ 
for every n > 1. The random variable E(i<'„|X„) is the Radon- Nykodim derivative with 
respect to P of the measure Qn{A) = E(F„1^), A G a{Xn). Relation 2. means that 
E(e^*^"E(F„/X„)) = Egje**^") ^„^oo and hence ^ e^*^d(Q„ o ^„^oo 0. 

This implies that QniA) = E(F„1^) -;>„^oo for any A G or E(F„|X„) -^„^oo 0. 

As an immediate consequence we have (see also ^). 

Corollary 1 Suppose that {Xn)n>i is a sequence of random variables such that EX^ — s-n-i-oo 
c. suppose that 

E(C - Gxj' ^n^oo 0. (13) 

Then X„ -;>„_^oo N{0,c). 

Remark 2 /n i/ie case when the variables Xn live in a fixed Wiener chaos, Xn = Ik{fn), 
then the convergence in distribution of Xn to the normal law is equivalent to f73j] . see 

Assume that [Xn)n>i and {Yn)n>i are two sequences of random variables such that: 
i) for every n > 1 the random variables X^ and Yn are independent and ii) X„+y„ — )• A^(0, 1) 
in distribution as n — )• oo. The quantity Gx^+Yn^ which plays a central role, can be written 
as 

= Gx„ + Gy„ + {DXn,D{-L)-^Yn) + {DY^, D{-L)-^Xn). 
The force of the Cramer's theorem can be observed here: the fact that 

E (ci - Gx„ +C2- Gx„ - {DXn, D{-L)-^Yn) - {DYn, D{-L)-^Xn)\Xn + Yn) 

converges to zero implies that E(ci — Gxn\Xn) and E(c2 — GYj\Yn) both converge to zero. It 
is not obvious to prove this directly. Note also that the independence of X„ and Yn does not 
guarantee a priori that the terms B{{DYn, D{-L)-^ Xn)\Xn+Yn) E{{DXn,D{-L)-^Yn)\Xn+ 
Yn) vanish. But the situation when these two terms vanish is also interesting and we will 
analyze this case in the sequel. We will see that it requires a slightly stronger assumption 
than the independence of Xn and Yn- We introduce the following concept. 

Definition 1 Two random variables X = '^n>o^nifn) <ind Y = '^myo^midm) <ire called 
strongly independent if for every m^n ^ 0^ the random variables Ini^fri) and Imi^Qm) are 
independent. 
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Remark 3 Let us recall the criterion for the independence of two multiple integrals given 
in UJ^: Let X' = Lp{f) and Y' = Iq{g) where f G L^([0,1]p) and g G L'^{[0,l]i) (p,q>l) 
are symmetric functions. Then X' and Y' are independent if and only if 

f 'S'l g = almost everywhere on [0, 1]^^"^"^. 

As a consequence two random variables X and Y as in Definition 1 are strongly independent 
if and only if for every m,n> 1, fn 01 gm = almost everywhere on [0, 

Let us also note that the class of strongly independent random variables is strictly 
included in the class of independent random variables. Indeed, consider 

1 

Xi = V2/i(lri y) and Yi = \/2 / ' sign{Ws)dWs. 

Then Xi and Yi are independent standard normal random variables. Define 

X = ^{Xi+ Yi) and Y = ^{Xi - Yi). 

Then X, Y are also independent standard normal but they are not strongly independent 
because for example the chaoses of order one of X and Y are not independent (note that 

the random variable Jq signiWs)dWs has only even order chaos components). 

Lemma 1 Assume that X,Y £ B^'^ and X, Y are strongly independent. Then 

{DX,D{-L)-^Y) =0 a.s . 

Proof: Suppose first that X = Ln{f) and Y = Im{g)- Then, since DaX = n/n-i(/(-, a)) 
and Da{-LY^Y = I,n-i{gi-,a)), using dlD 

{DX,D{-L)-'Y) = n da/„„i(/(-, q))/„_i(5(-, a)) 

JO 

(m-l)A(n-l) . 

= m k\C^_^C^_^ daIm+n-2-2k{f{-,OL)®kg{-,a)) 

(m-l)A(n-l) 

J2 ^^■Ct^lCn~lIm+n-2-2k{f ®k+l g) 
k=0 

and this is equal to zero from the characterization of the independence of two multiple 
multiple integrals (see Remark [3l). The extension to the general case is immediate since, if 

^ = T^n^nUn) and Y = Y.„Jm{gm), 

{DX,D{-L)-'Y) = Y,{DIn{fn),D{-L)-'L^{g^)). 
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In view of Lemma [H the Proposition [2] can be formulated for strongly independent 
random variables as follows: Suppose that {Xn)n>i and {Yn)n>i are two sequences of cen- 
tered strongly independent random variables such that — >ri^oo 

ci and EYj{ 

where ci,C2 > are such that ci + C2 = 1. Then the following affirmations are equivalent: 

1. The sequence (X„ + Yn)n>i converges in law to a standard normal random variable as 

n oo; 

2. For every t G M, E (e^*(^"+^")(ci - Gx„ + C2 - GxJ) ^n^oo 0.; 

3. E (Ci - Gx„ + C2 - GyJXn + Yn) ^n^oo 0.; 

4. For every z G M, E + y„)(ci - Gx„ + C2 - GyJ) ^„^oo 0. 

Let us assume now that the two sequences of Theorem [1] are strongly independent. 
We will also assume that the convergence of the sum Xn + Yn to A^(0, 1) is strong in the 
sense that E (1 — converges to zero as n — >• oo. We can say, somehow, that in this 

case the sum Xn + Yn is rather close to the normal law since the upper bound of the distance 
between it and A'^(0, 1) goes to zero. We will prove that this implies that the convergence 
of Xn and Yn to the normal law is also strong. 

Remark 4 The case of multiple stochastic integrals can be easily understood. Suppose that 
Xn = Ik{f^) o-nd Yn = Ii{g") where for every n > 1 the kernels f"',g"' are in L^([0, 1]'^) 
and I/^([0, 1]^) respectively. Assume that EX^ -^n^oo ci > and EYn — )-n^oo C2 > 
such that ci + C2 = 1. Then if Xn + Yn -^n^oo X(0, 1) and Xn, Yn are independent (thus 
strongly independent) it follows that Xn — )■ A^(0,ci) and Yn — )■ A^(0,C2) and by Remark\^ 
E (ci — Gxri)"^ — >-n->oo and E (c2 — Gy„)^ — >-n->oo 0, so the convergence of Xn and Yn to 
the normal distribution is strong. 

We will also need the following lemma. 

Lemma 2 Assume that X,Y ^ D^'^ and X, Y are strongly independent. Then the random 
variables Gx and Gy are strongly independent. 

Proof: Let us assume once again that X = In{f) and Y = Im{g). The result can easily 
be extended to the general case. We have 

n—l 2 
Gx =n^(^C^_-^^ hn~2-2k{f ®k+l f) 
k=0 

and 

m— 1 2 
= m ^ /! (^Cln_j^ hm-2-2l{g §)■ 
1=0 
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It suffices to show that for every k = 1, ..,n — 1 and I = 1, ..,m — 1 the random variables 
^2n.-2fc(/ (^fc /) and l2m-2iig '^i d) are independent or equivalently 



kf) ®1 (g^ig) = a.e. on [0^lfrn-2k+2m-2l-2^ 

But since 

{f®kf){xi, ■.,X2n-2k) 

= fiui,-,Uk,X^(i),..,X„(^n-k))f{ui,..,Uk,X„(^n-k+l)^--^^ai2n-2k))dui..dUk 
„c« •^[0,1]'= 

and 

{9®ia){vi, ■■,y2m-2i) 



pes 



Y] / 9(.Vl,-,Vhypil),-, Vp{m-l) )g{vi,-;Vi, Vp^rn-l+l) , yp{2m-2l) ) d^l -dvi 



2m-2i 



then {f<Sikf) '^1 (g^ig) = almost everywhere on [0, 1]^™" 2fc+2m 2« 2 ^gjj^g F^bini and 
the fact that daf{ui, ..,Uk,xi, ..,Xn-k-i,a)g{vi, ..,vi,yi, ..,y„T__i+i,a) = for almost all 
ui,Vi, Xi,yi. The general case demands to prove that {fn^kfn') ®i {gm®igm') = almost 
everywhere for every n, n', m,m' > 1 and for every /c = 1, .., n A n' and Z = 1, .., m A m' and 
this can be done similarly as above (note that the fact that k,l > 1 and the value zero is 
excluded is essential for the proof). ■ 



Proposition 3 Suppose that {Xn)n>i o-nd {Yn)n>i oife two sequences of centered strongly 
independent random variables such that EX^ -^n-^oo ci and EY^ — s-n-^oo C2 where ci, C2 > 
are such that ci + C2 = 1. Then E (1 — — ^n-i-oo if and only if 

E (ci - GxS -^n->oo and E (c2 - -^n^oo 0. 

Proof: By using Lemmas [1] and [2] we have 

E (1 - Gx„+yS = E (ci - Gxj' + E (C2 - GyS 

and the conclusion is immediate. ■ 



We will study next if the result in Proposition [3] can be obtained by relaxing the 
hypothesis on the strong independence of and for every n. As we have seen, 
the strong independence of two variables X and Y implies that {DX, D{—L)^^Y) = 
{DY, D{—L)~^X) = a.s. But in order to eliminate the "mixed" terms we only need 
E{{DX,D{-L)-'^Y)\X + Y) = E{{DY,D{-L)-'^X)\X + Y) = a.s. We therefore intro- 
duce an intermediary class between the class of independent random variables and the class 
of strongly independent random variables for which this property holds. 



10 



Definition 2 We will say that a couple {X, Y) of two random variables in the space 3^''^ 
belongs to the class A if the vector X is independent of the vector {Y,Gy) and Y is inde- 
pendent of the vector {X,Gx)- 

We will give now examples of random variables in A. First we recall the following 
result from 

Lemma 3 Let X G B^'^ and Y, Z £ L'^{Q). Then X is independent of the pair [Y, Z) if 
and only if for every a, /? G M 

E((Z)X,D(-L)-ie*(°^+^^))|x) =0 a.s. . 

We show that a couple of strongly independent random variables is in the set A. 
We consider first the case of multiple integrals. 

Lemma 4 Suppose that X = Ip{f) and Y = Ig{g) where f G ^^([0, 1]p) and g G L^i[0, l]*?) 
(p,q > ^) are symmetric functions. Assume that X and Y are independent. Then {X,Y) 
belongs to the class A. 

Proof: We will prove that X is independent of the couple (Y, Gy ) • Similarly it will follow 
that Y is independent of {X, Gx ) • We prove that 

(DX,Z)(-L)-ie*("^+^^^)) = a.s. 

or, since D{-L)-^ = {I + L)-^D, 

{DX, {I + L)-iDe^(°^+^^^)) = a.s. 

Note that De*(°'*^+'^'^y) = e^^°'^+(^'^'^'> {iaDY + i/SDGy). First we will show that 

(DX,e*(°^+^^^)Z)y) = a. s. 

Assume that the random variable e*^"^"'"^'-''*') admits the chaos expansion g^C^^+z^Cy) _ 
^^>Q /7v(/i7v) (in the sense that its real part and its imaginary part admit such a decom- 
position). Then 

e'^''''+''''^^D^Y = g j;/jv(/ijv)gVi(5(-,«)) 

N>0 

N/\{q-l) 

= X] r\Cg_iGxlN+q-i-2r{hN 9{-,a)) 

N>0 r=0 

and 

7VA(g-l) 

(I + L)-ie^("^+''^^)i?,y = Yl rlG^q-iCh{^+N + {q-l)-2rr^lN+g-i-2r{hN^r9{;a)). 

N>0 r=0 
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Therefore 



{DX, {I + L)-^De'^"'^+^^^^) 

NA{q-l) 



N>0 r=0 
(Af+g-l-2r)A(p-l) 

X 

a=0 



-2r)A(p-l) 1 

lN+q-l-2r+p-2a {{hN®rg{- , o) ®a f {■ , Ol)) da. 
tTn Jo 



Above, {hf^<Sirg(-,C() means the symmetrization of the function (ti, . . . , tN+q-i-2r) {h-N'Sir 
g{ti, . . . ,tN+q-i-2r,0!) for fixed a. In other words the above symmetrization does not 
affect the variable a. By interchanging the order of integration to integrate first with 
respect to a we wiU obtain that the last quantity is zero. Similarly it will follow that 
{DX, e*("'^+^<^y)DGy) is almost surely zero. ■ 

We can extend the previous result to the case of infinite chaos expansion. 

Lemma 5 Assume that X,Y are two strongly independent random variables in D^'^. Then 
(X, Y) belongs to A. 

Proof: The proof follows the lines of the proof of Lemma 4. In order to check that 

{DX, {I + L)-^De'^''^+^^^^) = a.s. 

we write 

{DX, {I + Ly^De'^"^+^^^^) 

N/\{q-l) 

= E r!C;_iC]v(l + iV + (g-l)-2r)-i 

P,9>1 ■'V>0 r=0 

(Ar+q-l-2r)A(p-l) . 

X lN+q~l~2r+p-2a {{hN®rg{- ,Oi)) ®a f {■ , Oi)) da 

a=0 

and we can finish as in the proof of the previous lemma. ■ 

An interesting property of the couples in A is that the conditional expectation given 
X + Y of the mixed scalar products {DX,D{-L)-^Y) and {DY,D{-L)-^X) vanish. 

Lemma 6 Assume that {X, Y) belongs to the class A. Then 

E (e^*(^+^)(L>X,L>(-L)-^y)) = a.s. 
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Proof: We have 

E(e*W^)(Z)X,Z?(-L)-iy)) = E^{De'^^,e'^^D{-L)-^Y) 

= {e'^^6{e'^^D{-L)-^Y)) 

= ^E (e^*^ {e'^^6D{-L)-^Y - ite'^^ {DY, D{-L)-^Y))) 

= iE(e'*^(e'*^y-ite'*^Gy)) 

where we used the fact that since e**^ G B^'^ and D{—L)^^Y G Dom{6), then e**^L'(— L^^)y G 
Dom{6) and by ([9]) (5(e**'*'(L>(-L)-iy)) = e'^^ 6{D{-L)-'^Y) - ite'^^ {DY, D{-L)-'^Y) . By 
using the fact that {X, Y) belongs to the class A we obtain 

E (^e**(^+^) {DX, D{-L)-^Y)^ = ^E(e**^) (E(e^*^y) - itE(e^*^Gy)) . 
Now, going in the converse direction 

E(e^*^y) - itE(e**^Gy) = E5{e'^^ {D{-L)-^Y)) = 0. 

■ 

We are now answering the following question: let (X„)„>i and {Yn)n>i be two 
sequences of random variables such that for every n > 1 the couple {Xn,Yn) is in the class 
A. Suppose that the sum Xfi -\- Yyi converges to the normal law and is such that the upper 
bound from Stein's method is attained, in the sense that E(l — Gx„+y„)^ converges to zero. 
Could we then conclude that both Xn and Yn converge in a strong sense to the normal laws 
A^(0,ci) and A^(0,C2) respectively? We will see that this is true in some particular case 
under a supplementary hypothesis on the sequences Xn and Yn- 

4.1 Wiener chaos stable random variables 

Let us denote another class of families of random variables where the central limit of the 
sum implies central limit for each component. The idea is to assume a property on the 
filtration generated by X„ + y„. Let us denote by J„ the orthogonal projection of L^(J7) 
on the n-th Wiener chaos. We recall the following definition (see [8], [12j). 

Definition 3 We will say that a sigma- algebra t C J- is Wiener chaos stable if for every 
n, Jn (L'^(t)) C L'^{t). In other words, if a random variable F G L'^{t) admits the chaos 
decomposition F = X]n>o-^"(/") ^^^n for every n > the random variable In{fn) is t 
-measurable. 

Remark 5 The Wiener chaos stable property for sigma- algebras is equivalent to the L~^- 
stable property. Recall that a sigma-algebra r is stable if L~^{Lq(t)) C Lq(t) where 
Lq{t) is the set of t -measurable square integrable random variables with zero expectation. 
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As a matter of fact, the sigma -algebra generated by 

Ipif), {DIp{f),hi), {DIp{f),h2), ... , {DP~'^Ip{f),hi^ (g) .. where hi,i>l is a com- 

plete orthogonal sequence in L^[0, 1], is Wiener stable (see JE/, IIM)- 

Theorem 2 Suppose that for every X„ = J2n>i ^kifk) o,i^d Yn = X]/>i Iiigf") cL^e such that 
EX^ — )>n_^oo ci and — )-„_5.oo C2 (such that ci,C2 > and ci + C2 = Ij. Assume that 

i. for every n>l the couple belongs to the class A. 

ii. for every n > 1 the sigma- algebras cr(X„) and cr{Yn) are Wiener chaos stable. 
Assume also that E (1 — Gx„+y„)^ — 5'n->oo 0. Then 

E (Ci - GxS ^n->oo and E (C2 - Gy„)^ ^n^oo 0. 

Proof: We will show that under assumption ii., the random variable Gx„ belongs to 
cr{Xn) for every n > 1. Since Xn is cr(X„) measurable and a{Xn) is Wiener chaos stable, 
we get that Ikifk ) ^{^n) measurable for every n, k. Consequently, is cy[Xn) 

measurable for every n, k, I and by using the product formula we will have that 

h+l-2r ifk '^r fp) 

is cr{Xn) measurable for every n,k,l > 1 and r = 0, ..,k Al. As a consequence we can easily 
obtain that Gx^ is measurable with respect to ct(X„) and similarly Gy„ is measurable 
with respect to a-{Yn). Assume now that E(l — Gx„+y„)^ — ^n-s-oo 0. The asymptotic 
Cramer's Theorem [1] together with Proposition [2] imply that E(ci — Gx„\^n) — ^ and 
E(c2 — Gy„|y„) — >■ a.s. and by the measurability of Gx„ and Gy„ we obtain the conclusion. 



4.2 Vectorial convergence of X„ + Yn and Gx„ + Gy„ 

A second class of sequences of random variables for which the central limit can be broken 
in order to ensure the strong convergence of each summand is inspired by [4j. 

Theorem 3 Assume that EX^ — )• ci and EY^ — )• C2 (such that ci, C2 > and ci + C2 = I). 
Assume that for every n > 1 the couple of random variables {Xn,Yn) belongs to A. Suppose 
moreover that the vector 

(x^ + Yn, '^^-G^r.+c,-Gy„ \ ^^^^ 

V E((ci-GxJ2 + (c2-GyJ2),; 

converges as n ^ oo to the vector {Ni,N2) where Ni,N2 are standard normal random 
variables with correlation p. Then if Xn + Yn -^n-^oo X(0, 1) implies that 

E (ci - GxS ^n^oo and E (c2 - GyS ^„^oo 
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Proof: On one hand, we have that 

E {fiiXn + rn)(ci - Gx„ +C2- Gyj) ^„^oo 0. (15) 

On the other hand, from the convergence of the vector (114(1 we get 

E {fUXn + Yn)ici - Gx„ +C2- Gyja"!) ^ KiNi)N2 

where = E ((ci — Gxnf' + (^2 — Cy^)^) ^ . It follows from the proof of Theorem 3.1 in 
[1] that we can find a constant c G (0, 1) such that 

|E {aXn + y„)(ci - Gx„ + C2 - GyJ) f > cE ((ci - GxS + (^2 - GyJ^)' . (16) 

By combining the relations (fTSj) and (fT6]) . we obtain that E ((ci — Gx^Y + (c2 — GyJ^)^ — )•„ 

and this gives the convergence of and Yn to A^(0, ci) and A^(0,C2) respectively. ■ 

4.3 Random variables with independent chaos components 

In this part we prove that in the case when the chaotic components appearing in the 
decomposition of X„ are mutually independent (and the same is true for Yn) then the 
central limit of the sum implies the central limit of the summands (in a strong sense) under 
simple independence. 

Proposition 4 Assume that for every n > 1, X„ = X^fc>i -^fc(/fc) o,nd Yn = ^i^ihio'i) 
and 

EX^ 

with ci, C2 > and ci + C2 = 1. Suppose that the following conditions are fulfilled 

i. for every n > 1 the random variables Xn and Yn are independent 

ii. for every n>l, the random variables {Ik{fk))k>i cti"^ pairwise independent the same 
holds for {Ik{gf))i>i. 

Then Xn + 1^ — )• A^(0, 1) implies 

E (Ci - GxS ^n-^oc and E (C2 - GyS ^n^oo 0. 

Proof: The Theorem [1] implies that Xn — )• A^(0, ci) and Yn — )• A^(0, 1) in law. Corollary 

1 and Assumption ii. gives that for every k the sequence Ik{fP) converges to a normal law 
as /c — )■ oo. Finally, we use Remark [2] and Lemmas [H [2j ■ 

Acknowledgments. We wish to thank the anonymous referee for valuable com- 
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